Calculyy
isit?
£ exist? If 50, what is it 7 If not, why
' i 0000 5
im S(X) and e v
pabiae i o
pot?
ifx#! -
Y LA i 0 so,whatnsnt?lfHOLwh
3, Let f(l) {0, lfx—l‘ ) Docs “mlf(x) exist ¢ If :
J -
Evaluate i, 7(x) and lih. F
s
not?
1-54 if x#1
o Lf@=] 5 ifx= lim £(¥) exist 7 If so, whatis it? Ifnot, why
Evaluate lim £(x) and lin:_f(x), Does lim
x
x
ot ? -

i # lim f(x)
~1; No, because xl-l.nz]‘ f(x) x—)Z_f

1. lim f(0=2 lim /()

x2
2. lim f(9) =1 lm f@)=1; yes, ljmzf(X)=1
sy 7 &=

lim (=1, lim fG)=1; yes, lim f() =1
xoT 1o ol

w

»

lim /() =0, lim £(x)=0; yes, lim f(x)=0
x-I Iy , xol

1.5 LIMITS AT INFINITY AND HORIZONTAL ASYMPT OTES

So ﬁr we have considered limits as x approaches a finite number a. In this sec!
limits v_vhe-m x approaches oo or —co. Such limits are referred to as limits at infin
determine what s called the end behaviour of a function. For example, consider the

tion we consider
ity. These limits
behaviour of

. 1
‘:’: fumction f{#) = — as x gets “larger and larger”. If we investigate the graph of f (se¢ Figure
6), we see that as x increases without bound through positive values, the values of /() approach

0. This is d svbolioall s | .
through negat a}u; ; oo Ih-?:n; = 0. Similarly, as x decreases without bound
ve v
] » the values of f{x) approach 0. This statement is expressed symbolically
lim —= 5
-0 X

Limits

hd

FIGURE 1.6
e notation
lim f(x)=L

x>
to indicate that as x increases without bound through positive values, the values of f{1) gzt
arbitrarily close to the number L. In this case, the line y = L is called 2 horizontal asymptote of
the graph of f (Figure 1.7).

In general, we us¢ th

rf ()
- M

Similarly, we use the notation SISEREEY

lim f(x)=M
x>-m

;:bli:ii;la;ec[t::; taos t4;'1‘:l:ilelt:reases without bound through negative values, the values of f(x) &t
graph of f (Figure o) umber M. In this case, the line y = Af is the horizontal asymptote of the
2‘:::;’:1{’01‘1 Horizontal asymptote

: s 08116:1 a horizontal asymptote of the graph of a function y = f(x) if either

xl;u;'::o f)=b or 1 lim f(x) =b

Scanned with CamScanner



e L e

: G
u:rn mamﬁr ofa ?:n:oz can _E<n aéc
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qure 1.8 has tWO horizontal 35322 f,

m f0=3 .
=-3 umﬁu:wo fim .\.T.u =2 gm .«_l_waB .\.
i ]

% y=f ®)

asversraaprnes
gty

s p.\ —— w

FIGURE 1.8

tas X >u28n;a o0 or =™

nitions of Limi

precise Defi
. roaches ©
FINITION Limit as x appro¢ :
wa\. b o function dfined 0n 1 interval (, ). We say that f(x) has the limit  ,, ;
approaches @, and write

fim fi)=L
X—@
if, for every £> 0, there exists a noﬂ%oa
@=L <e whenever. x > M

The definition of a limit as x - « is shown in Figure 1.9. In this figure, note that for a givy
positive number ¢, there exists a positive number M such that, for x > M, the graph of flis

between the horizontal lines given by y=L—-eandy =L + €.
¥

ﬁ y=f®

ing number A > 0 such that

SN,

\

M

FIGURE 1.9

Limits
DEFINIT [ON Limit as x approaches —
Letf bea function defined on an interval (-
o0, and write

_:.B .\\ ﬁ‘ﬂv = h

X—+-@

nE:.aun__a -

if, for every €> 0, there exists a corresponding number ¥ < ¢ .
3|

/&) —L|<e whenever x <y

The definition of a limit as X - is shown in Figure 1.10. Ip this £
number &, there exists a negative number N such that, for _@Mﬂ,
the horizontal lines given by y=L-gandy=/[ +¢, r<y

note that for 3 gryen
+ the graph of f Jeg

uom_.c.sw
between

tuiti statement lim f(x)=L mean o .
Intuitively, the »‘lvs\.ﬁ ) s thatas x moves Increasingly far from the ongmm

the positive direction, f(x) gets arbitrarily close to L. Similarly, the statement li
nluahv_n \:buh means

that as x moves increasingly far from the origin in the negative direction, 1) gets arbirariy
e Yeloseto /.

f
;

+g
-I/. \h .
—¢ — » X
N o
y=/x)
FIGURE 1.10
EXAMPLE 20 Prove that
(@ lim 1 =0 (®) lim L 0
x=-o X

x—o X

SOLUTION (a) Let £ > 0 be given. We must find a number M > 0 such that for all .

<¢

; 1 1
if x>M then \l.nc“u\l.
X X

We may assume that x > 0. Then
I 1

| —

I%ulAm iff x>
x

X

@, a). W,
€ 5ay that S1x) hag the ligmjy L
as r

A f AT e——
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| ﬁ‘ﬁ.._.ﬁn.:
| 1.24 hus Limits
d 1 EXAMPLE 21 Evaluate cach of the following imits: |
| 3 . N
Thus. if we choose M ==, then for all X ) 5 . : 2
E A-.u _-B Q.Tlﬂ.l Tquv Iim h.ml.l-.u ]
_ — o — p x—+x B X— - ﬁs _,__.: u¢m_|. _
> = . e ~n LR I Nl’n
x> M & x . 5 . _ °
} | mo__..c..—.._oz 0] A_PEB 7 +ﬂ . n___d 7 +H_P38ﬂ =7+5 lim H _ .\+29 1
| . - - @ b = = ﬂ
! It follows that lim —= T Ty !
s v < 0 such that for all x. e V1o tim 5= 1i 1 . . (11
(b) Let & > 0 be given. We must find a number J (i) FEBP |MM = aw.sn .T..Bsa|u =35 |u_wse —=|=5-lim a lim L 1
| i i x X Xx somx poey o S0-0=5
p . 2_ol=|-|<e nv2 . 111 ’ ,
if x <N then X X Q_.__.v lim == = n__-aaﬁu 2 MHMWHH.\M lim H lim |—. lim 1 &u
—>-o S ° - X——m ) —-x —=0N2-0-0.0=
| We may assume that x < 0. Then B * X X-mX raoxy 0-0-0=0
, — 1, ey i x% 1 . Limits at Infinity of Rational Functions
| o p £ ; P To evaluate the limit of @ Bno_._.,.._ function, we divide both the numerator and denom;
highest power of x that appears in the denominator. What happens then depends “Qegamsq by the
nvolved. When evaluating limits at infinity, the following result m:ﬂ anma_hw of

the polynomials i

Thus, if we choose N ulw. then for all x
itive integer and c is any real number, then

A useful result. 1fn is a pos

€
1 1 1
x< N = ﬂlo_urdulﬂ.nn )
: ' lim —=0 and lim h_.no
It follows that im L<0 e il
¥ob-w X EXAMPLE 22 Evaluate each of the following limits.
Properties of Limits at Infinity 252 +5x +1 2 3
x“+5x+ ; : x° —5x - : £ =
(M lim ._qu = (i)  lim Nng -3 Giiy lim 2 4551
xox 3x” —2x+4 o= 3x" - x-20 x-e X +2

, Most of the properties of limits that were given in Section 1.2 also hold for limits at infinity.

m,_ m.zmo_am_s 1.4 Limit Lawsasx >t o '
o : SOLUTION () Asx approaches o, both the numerator and denominator approach = and
and lim = , . g . o
ek »Bm?.v M, then therefore the given function takes the indeterminate form = However, we can change the form
whn as to whether or not it has a limit. This is
or by the highest power of x that occurs in the

| :..hiﬂ.==n».naan_:c§enauun:B \Qv.nn
=t
of the quotient so that a conclusion can be dra

Iim HHC&+NQ&Hh+»‘m a ;
. done by dividing both numerator and denominat

4 1. Sum Rule : it
f 2. Difference Rule : aw.maq (x)-g(x)=L-M denominator. Thus dividing both the numerator and denominator by x*, we get
3. Product Rule . lim (fG)-g@)=L-M T A 2,5, 1
. Co2xr 4 5x+ 1 % o
e . lim (k-f(¥)=k-L R lim = lim 2———
4. Constant Multiple Rule nL»SA ) : e, 5 sow 300 — 2x + 4 xo® g _ 2 . 4
. S L i 2 %
5. Quotient Rufe : T_ﬁ:ullnmaé =i Mz0 R
6. Power Rule ; :.wwpm.qma_.:ﬁmnaiﬁsonaﬂiwa. : :Bm+ lim |W+E=|_m 04040 _0 _,
‘ , : 423 _xowx e x XX o =TF
then lim (f(0)"° = L'’*, provided ¢ = —3 4 3-040 3
ided lim 3 - lim = + lim 5
x—® x=—® Hu L X

x—txo T
real number. (If s is even, we assume that L' o
tL> g




ﬁ.ﬁnse

_ l ,
= \.ﬂ | __NO . \N\:\\MH\MT\M = O. N.—.aw__:h
, that  lim 2t . e T T e
” ; ion shows 1% 5o W - ss than the degree of ¢ ,then lim f(x)=-2 Thatis, if th
M A similar caleutd alinte qumesator is1¢ he 8;55_._ o If m=n im f(x)= @._ ¢ degree of numerayor 5 equal 1o
[yno ! ¢ degree
| ce of the PO tor, then the limit of the rat
Notc that the degr Sminator by the highest power of of denominator, T AN nra ional function is the ratio of the [eag; -
the denominato” he numerator and den * mwuj In this case, the line » = 2,/6, Is 2 horizontal asymprote of f 08 Coeflicients :
poth the =
ain we divide lim f(x)=o or —co,
ad Eeﬁ} %«:ca_ﬂs_._ which is X &3 o If m>n, then HLHBHA )= That is, if the degree of TUMETAOT iS greater tha =
*., Il -5 2 E = W the degree of denominator, then the limit of the rational function does oy ex; =
Il P =53 _fm—7 20 3-0-0 3 f has no horizontal asymptote. XISt In this ¢,
_ N\\\\.\ = 1 ase,
f lim -2 Htsull..lm — R | =
e 30 * 5x% +8x-3
? w — w N — X x— = |
| _ 25" - 5x el EXAMPLE 23 Evaluate lim and identify any h
,.“ . . 4 i oan be shown that  lim .. 3 xe 3x? 42 ¥ horizontal asymptores. =
__ Similarly, it can b€ § e ]
{ 8 3
_ o erator equals the degree of th _ 5§48 _ 3 " .8 .
In this case, the degree of the no_uaoas_ in the num q ¢ vo_s_os_m;  5x%48x-3 e + s h__.ﬁ 5+ N_HE g )
° SOLUTION lim im = ll,:ll.m’u.un’m
, i the denominator. ) . xoo  3x2 42 R P W lim 3+ 2 n
M (ifi) Dividing both the numerator and denomtnator by the highest power of x appearing " ) gL Hn.w =
k denominator, we get | _5+0-0 5
2+ 5-— T340 3
| 2 _ 3
\ fim 2x“ + 5x | - :.E III|N||H| =00, M\.ﬂunTmle ] 5
| rox X+2 soo L2 Thus the graph of f(x) = e has the line y=3 a2 horizontal asymptots on the right
x - -
. . . 5x"+8 +81-3 =
| A similar analysis shows that [im 2+ -1 = - Strdlarly; it can by shoyn et q_uwa Hm xm - lw. Thus the graph of fix) = = wﬂ =
! _—————— e - R -0 H + IH - .
_. | ro-0 X+ 2 has also the line y = 5/3 as a horizontal asymptote on the left.
I In this case, the degree of the polynomial in the numerator is greater th 5x* +8x—3
: I _ polynomial in the denominator, = o e e The graph of f(x) = ax? 42 15 sketched in Figure L11. \
| | |
_. \ mswamo_wnﬁ__w_w_mwwoﬂ“%ﬂ_ in the preceding example can be generalized to all rational functionsa m«r m
, corem. 5x% +8x-3 }
y== ,
;mo:m_s 15 Linits 1t o~
| 1 L Ea_:a. s.s__ mo:ua__m._ >%EE....8m of Rational Functions ﬂ
ﬁ Le p(x) : -/ ] pe
, t ,, o ‘ y=3
| S Q_v " E wnpazonﬂ msozo: sama T A . | “ “ ’ >
i 5 : s el Ik -5\ 5 10
\A Er nx" +a e X ~+ vt T
o s_a_n #0and p 2, e QE b,x" +91.« +oeeon th 2
: | -:.Ena then - ; A S
f 2B W 3 0. That is, ;53 {
] g5 1 5 nmamo om H_:Boaﬁo the degree® FIGURE 1.11
q | %uoasmsa ol : AL r is less than 20

8 14
Note Whenever a horizontal asymptote of a rational function f(x) = W exists , we always hat
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tim 22 _ g B2,
1=z g(x)  1--xg(x) .
However, it is not truc, in general. for other functions, as shown in the next example.
EXAMPLE 24 Let fix) = .,\ﬂwn_ Evaluste fim f(x) and lim f(x) and then idenigy ,
X+ e T )
harizontal asymplotes.

SOLUTION First. we evaluate the kimit as x — . Dividing the numerator and naosgms.a.
c_ulunu for x 2 0, we get

Im f(x) = hm

x " 1
lim =1
sz T ‘hh.v— ulvﬂ.&_._-‘l—!
2

Thus, the graph of fhas the line y = | as a horizontal asymptote on the right,

Next, we evaluate the Emit as x - — x. Dividing the numerator and denominator by 4\..4|...u|~ for
x<0, we get

x

im f(x) = lim —ma =
f— -z -lolﬂz\.u\‘..r_ nlvl..o;\_ | K=p-m 1

Thus, the graph of fbas the line y = ~ | as a horizontal asymptote on the left.

EXAMPLE 25 Find the horizontal asymptote of the function f[x) = 2 + 1%
X
SOLUTION We need to investigate the behaviour of the function as x — £®_ Since

o< i8xl |1t
X I
»
4
A AN
TI
1&." =, x 2z 3x X
r.ﬂl‘l
FIGURE 1.12 B 3

Jimits

Ll 2 0, 1t follows, by the 7o

§ im |—|=0, 0t follows, by the Sqieers Thecram, B O3 .
snd sincs T |T 3.‘_“._.4-!.-_‘
uny

lim ﬂutl»]_u km I+ Im Hl1u._ y
Henxce gt X J s=t2 qopm g TTC
;Buonwn:ﬂn.ﬂlu_un?gnﬁ_ asymprote of the curve an harh O ] e = S -

Note The graph of the above fanction mErsecs e Sormmntal mymutstes o
= e -
Sometimes it is easier (0 find the limur 3t wfimty by makoy 1 outible wbaninon = TR e
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in the following example. T
I
C luate i —
EXAMPLE 26 Evalux -—_l.zu sin :

1 :
N let t=—,then !t = 0" a2 = = Dhenfirm
SOLUTION Ifwe - pmaiiog

. 1
lim sm— « bm s=mr =0
- X 1-al®

—

EXAMPLE 27 Ewaluate im Wrfsl=-0)

(- ®

r arm—

PN L Al

SOLUTION lim (yx® + 1 =0 = lim [({5" o 1= 0 fee
- ® ¥ =4 oy yE e les

~

Lo
- —ua -l.—h.llll.lj—l

- nouoﬂ
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1.3 5

ASYMPT OTES
. imits, An infinite limit ¢
] \:\M:EN fimiLs ! ! 0Ce)
onicept of imit r a point. For ex;
_“Mnn of u......nnaws withaut bound near 4 pt "mple, cop

. N Le the limit of f(x) 4 .
| Lt us discuss -_Hae f(x) Sx)ay . D,
-

L
1.6 INFINITE LIMITS AND VERTICA

In this section we exiend
yalues of the function ncT!
function fdefined by S(£) = 7

5 .. T aches
0, To examine the Jimil of f Mﬂ“ i _.._ﬁ.“ et

that are very closc to but un

TABLE 1.2
=1 €0
J(-0.0) - gy
f(-001) = 100
000 100 S-0001) )
J100001) 7] S0.0001) ~ 10001y
S10.00001) 100000 J(-0.00001) = 10000

" Whey,
e

"
iy, 4
o a‘

0, Jet us find valucs ol [ (x) for o,

given in Table 1.2, Yalug, 9,

j 120

110.1) = 0
foony = 100

v o
L |

]

Th—
It is evident from the table and graph in Figure 1.13 that as x approachcs 0 from the right, ,

values of f(x) = H_ are positive and merease without bound. We describe this limit behavioy by

writing

|
fim —=w
0" X
¥
{
Vertical ||
apympiote,| \ 7= 7
x=0
0 > X
 Fertical
asympiote
FIGURE 1.13

The infinite symbol indic. ‘
ates that f(x) grows arbitrarily Jarge and positive as x approaches 0"

i
o b3y
J

a8 x approaches 0 from the Jeft, the values of f(z) = = 40 pprr
x Y TR e g Corragee

without bound. We deseribe this limit betaviour by wiiting

liup flx)s ==

il

pegative infinite symbol indicates that flx) becomes arbitearity Lieys s peyy . )
i 2 R T i

The
informal Definitlons of Infinite Limits

DEFINITION Infinite Iimits
Suppose f is defined for all x near . We sy that the Simit of f(x) as x approaches o s 4

and write

—

lim f(x)=»

xX=vid
if the valucs of f(x) arc positive and increase withert bound as 1 appronches u from s et side

(see Figure 1.14(2))
Similarly, we say that the limit of f(x) as x approaches « Is negative Infinity, and wrie

fim f(x)=~=
=4

if the values of f(x) are negative and decrease without bound a3 x spproaches a from either side (sez

Figure 1.14(5)).
Note Informal definitions of one-sided infinite limits at x = a can also be written in a nau.wm

fashion.
¥ y
4 I 4
x approaches a
A positive and X—e O — X
b _ increases withou! 7 * > X
bound y= \‘H 1)
y=fix)
_ Negative and
v decreases without
- - > X bound
) X— d—X
x approaches a i
(@) (b

FIGURE 1.14

EXAMPLE 28 Evaluate lim 1 and lim 1 using the graph of the function.
x—=2* x=12 x—32 x-2
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SOLUTION The graph of the function f(x)=
1

— 2 units to the right. From the ra,

| is obtained by shifting the graph ofy—
of f(x)=—r is obtained by shifting
we see that 2 function increases without bound a5 X approachcs 2 from the right and decreagy,
without bound as x approaches 2 from the left. Thus,

1
1 ! o,
= and lim y
z]—lv“; x-2 T X -2
y
4 I
"2
|
0 s = —> X
e |2
FIGURE 1.15
EXAMPLE 29 Evaluate Iim, " 5 using the graph of the function.
P x-])
SOLUTION The graph of the function f(x)= l]), is shown in Figure 1,16, Notice that
gaph of f(x)= (x—_l-)-,— can be obtained by shifting the graph of f(l)"'x? 1 unit to the right.
y
4
“ Hace | o= X 2k

x approaches |
FIGURE 1.16

= |sshown in Figure 1.15. Notice lhatg, -

D

133

Limits
| from cither side, the values of y =

1
we sec that as x approaches G-y are

From the grapb:

=0,

e without bound. Thercfore, ix_r,nl

1
(x-1)"

-1 ¢ graph of the function.
] ___’—— usmg th Br
ExAl“PLE 30 Evaluaw o -3 (X 3)

positive and increas

-1 .
; - is shown in Figure 1.17. Notice tha
sOLUﬂo” The graph of the function f(x) o+ 3)2 is sho 1gur ice that the
-1 )
,_L_ can be obtained by shifting the graph of /() =73 3 units to the left
gaphof f(I) (X+ 1 -1
graph, we sce that as x approaches —3 from cither side, the values of f(x)= G e

From the
) lim e -
negative and decrcase without bound. Therefore, x—-3(x +3)2
y
A
x {lppmachcs -3
X—r—3e— X - > x
- -1
N (x 03)2
FIGURE 1.17

Precise Definitions of Infinite Limits

DEFINITION Infinite Limits

Letf be a function defined on an open interval containing a, except possibly at a itself, We say
that}'(x) approaches infinity as x approaches a, and write

5 llm S(x) =

«!‘ for every positive number B, there exists a corresponding 8 > 0 such that
f(x) > B whenever 0<|x~al< d
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1‘"

o e et

»

> ¢ - - g o o -, a = 2 =
s [rt A o trisamiGey Mot I’ s = £ Sl ROV L yr G 08 b st e Lt

“lissmymm 4 de g presrtres sneyers | vy -mpsiiey ow s, fe v 87 1 U ) sy 4 i +r
semp tow 4~ mikeng - aeflimientiy Cheee o o 08 B £’ W & A grieentte iusieg,,, R i
e T PP S IR Ut oF mlpugic ionrt o prove 1oa! ?:,. =
t‘.. SOLATION 1o ¥ - U o= atonzary. MWeanust Tl 2 quges © - U st fiaat
fup , — - ¥ W vt V=tg—-®D| ~ D
ﬁ ﬂ_ Y T :
”, I ik pirw. 7z © T T ¥ L=
{ .,.f s, chosmimy 3 < \m. (v any szilicr pOUSIive QuIbesr ) -we s {a
| \ g
_ S . ‘ !
..“ Tl L tf 12" O ——pr e 'z - P
¥ tr pemb vE -
1
FIGURE 148 Thus. vy Gelmmon, 1 foliows tia ?J —_—
- z =l o~
4 DEFINIYION nfinite 1 it X
| : fonctiee defened WEFINITION Vertical Asympiute \
| .“w.ﬂ?. sﬂr}ﬁ{r&.ﬁﬁsﬂ.ﬂ CemAnmg o, except pussiily ot @ stself We say A hne £ = 018 calied 2 uﬂdmﬂn asyvipiote of the 2 ; i !
u . © lfigity & x sppeoache ¢, sod wase foliows e Far, 2 grapb uf 2 lunctiop y = fir) il une of the |
¥ | Jm 19 e | L f(x) 1 (
) -~ ) =0, §ias) x o ¥ P e .
__ . for every nngative pumber - 8 there s g il b3 2 ul\-\ ) ==, Lﬂ_.wnm‘ J(x) «, n.m.mw. fx)=—s
o Jli = -8B whenever G Thus, 2 line x = g is a vertical asvmotote « e .
<lx-g|<§ - . Vinpioie &HPFQ.W‘«B\GTCA i f(x) 2 o .
. i infiony) as x approaches g from the Jeft or tue right S f(x) approaches mfinty (or negative
i A
, For example, the line x = 0 (the j-axis) i :
m a-d el ’ ©)-axs) 18 2 vertical asympiote of the gall
< & € graph of ) =—
i df . H P po because
& - 00 gﬁ H._B _— = .
f =0 x x>0 X "
| | J
} ;ﬁ
* { Verticaf 1
: A s @mpiote, [\ 7=
; FIGURE 1.19 e > x
This means :
that for any Begative number - £ (no matter how small), the yaj
ues of Vorti
ertical

'P.. FIGURE 1.20

. made sealler fhan — B .
Figare 1.19. by making x sufficetly close 0 a but not equal o a, This jg g *) €2 be
in asymplote
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1

v =— -axig r
Notice that the distance between a point on the graph of ¥ x and the y-axis approaches zcro as

the point moves vertically along the curve and away from the origin (see Figure 1.20),

Finding Vertical Asymptotes of Ratlonal Functions

To find the vertical asymptotes of a rational function, we set the denominator equal to 0 and o]y

for x. The vertical asymptotes occur at those values of x that produce @ in the denominator but no,
im the numerator.

x+2
EXAMPLE 32 Find the vertical asymptote of the graph of f(x)= FET
SOLUTION To find the vertical asymiptote, we heed to find the behaviour of f(x) as x — — 1,
where the denominator is 0.

As x — 17, the numerator x + 2 approaches (~1) +2 = 1 while the denominator x + 1 is negative
and approaches 0. Therefore,

. x+2
lim —=-o;
x—=-1" x+1

Asx — -1*, the numerator x + 2 approaches (1) +2 = | while the denominator x + 1 is positive
and approaches 0. Therefore,

. X+2
Iim —— =
x—=-1* x+1

The infinite limits  }jip f(x)=-o and lim , J(x) = o eachimply that the line x = —lisa

x ==l X —-
. +2 . :
vertical asymptote of £ The graph of the function y = “+_ is shown in Figure 121,
y
A
Yertical
asympiote, g2 L
x=-1 x+l x+l

}I I y=

FIGURE 1.21

Limils =
7 . ’
Notice that, using long division, we can rewrite y as y =1+ x40 Thus the curye g, question jy
— 1 H ‘ v
the graph of ¥ =7 shifted 1 unit up and [ unit left,
xt -
EXAMPLE 33 Find the vertical asymplotes of the graph of f(x) = mhnx_+ 3 .
SOLUTION To find the vertical asymptotes, we need to determine the behaviour of fas x -5 4]
where the denominator is zero.

(a) The behaviour as x = 1. As x — 1, both the numerator and denominator of fapproach 0, and
the function is undefined at x = 1. Since we are not concerned with what happens to the quotient
when x equals 1, so we can assume that x# 1 and write

X' —4x+3  (x-I(x-3) x-3
-1 (x=D(x+1) x+1 for x=1
Nl - —
. lim = NL,H#.M = lim IM NHIH w"|_
3 =1 x* -] =1 x+1 1+l

Thus, lim f(x)=—1 (even though fis not defined at x = 1). The line x =

x—1

1 is not a vertical
asymptote of /.

(8) The behaviour as x — — 1. We just showed that

2
.\.ﬁ‘dv".ﬁ |A.H+“w“hllw

x =1 x+1

» X — 3 approaches -1 -

for x=1]
We use this fact again. As x — _1-

3= whilex+1isne tive and
approaches 0 . Therefore, “

lim f(x)= lim .,,.lwus
x— =17 xoa-I"x+1

Further, as x — -1*,x-3 approaches (-1) -3 =

Therefore, == 4 while x + 1 is positive and approaches 0.
li T x-3
EO\HHVI lim =—m
*= -1 x5-1" x+1
The infinite limi i
ts 1 ) = .
.«l,v:“l.\.ﬁu& = and lim .\AHHHIS

Mg each imply that the line x = -1 is a

Vertical asymptote of £

EXAMpP . 2
LE 34 Find the asymptotes of the ?:n:.os\ (x)= = =

—_—

2x—-4

[Delhi Univ. GE-1, 2015, 2017]
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SOLUTION Horizontal Asymptotes .

To find the horizol

lim f(x)= lim x -3

X—por XD NHI&

A similar analysis shows that

lim_f(x) =-o0

Because these limits are not finite, there are no horizontal asymptote.

Vertical Asymptotes .

uu__u_wamn 4

ntal asymptotes, we need to find the behaviour of f(x) as x = £ %. We haye

# 3

X

x

= lim
HleN i

“\

ﬁ.h\n.s.s Limits

_.<>"knu

3 HA:y =0
-2

L =-w 4. VA: none
4 HA:y =0

X
7.vA:x=0
HA:y=0

_P<>“kn1u‘kua
H A:nonec

To find the vertical asymptotes, we need to find the behaviour of f(x) as x — 2, where the

denominator is 0.
Asx— 2% x*
lim, f(x)=»

x—2

2 _ 3 approaches (2)2 - 3 = 1 while 2x — 4 is positive and approaches 0. Thercfore,

Further, as x —> 2-, x> — 3 approaches (2)* - 3 = 1 while 2x — 4 is negative and approaches 0.

Therefore,
lim f(x)=-=

x—27

The infinite limits lim f(x) = « and
x—2" x—>2

asymptote of f.

lim f(x)=-» each imply that the line x =2 is a vertical

e T e SIS

e TR T TEXERCISE AT AT TR
Fin . vertical and horizontal asymptotes of the following functions. i
R
u.c. .\QV HHMHWM“ . f(x)= M~+_ 12 \Eumufﬂm. .

VA r=-1

HA:y =3
VA:x=-312,x =32
HA:y =0
VA:x=-173
HA:nonz

V A:none

HA:y =1

~
)
[ )
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